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BOUNDEDNESS OF FRACTIONAL INTEGRAL
OPERATORS ON NON-HOMOGENEOUS METRIC
MEASURE SPACES
RULONG XIE AND LISHENG SHU
Abstract. In this paper, the fractional integral operator on non homo-
geneous metric measure spaces is introduced, which contains the clas-
sical fractional integral operator, fractional integral with non-doubling
measures and fractional integral with fractional kernel of order α and
regularity ǫ introduced by Garc´ıa-Cuerva and Gatto as special cases.
And the (Lp(µ), Lq(µ))-boundedness for fractional integral operators on
non-homogeneous metric measure spaces is established. From this, the
(Lp(µ), Lq(µ))-boundedness for commutators and multilinear commuta-
tors generated by fractional integral operators with RBMO(µ) function
are further obtained. These results in this paper include the correspond-
ing results on both the homogeneous spaces and non-doubling measure
spaces.
1. Introduction
As we know, the theory on spaces of homogeneous type need to assume that
measure µ of metric spaces (X, d, µ) satisfies the doubling measure condition,
i.e. there exists a constant C > 0 such that µ(B(x, 2r)) ≤ Cµ(B(x, r)) for
all x ∈ suppµ and r > 0. Recently, many classical theory have been proved
still valid without the assumption of doubling measure condition, see [2,4-
6,8-10,18,19,21-24] and their references. In case of non-doubling measures, a
Radon measure µ on Rn only need to satisfy the polynomial growth condition,
i.e., for all x ∈ Rn and r > 0, there exists a constants C > 0 and k ∈ (0, n]
such that,
(1.1) µ(B(x, r)) ≤ C0rk,
where B(x, r) = {y ∈ Rn : |y − x| < r}. The analysis on non-doubling mea-
sures has important applications in solving the long-standing open Painleve´’s
problem (see [21]).
1991 Mathematics Subject Classification. 42B20, 42B25.
Supported by National Natural Science Foundation of China (No.10371087) and Nat-
ural Science Foundation of Education Committee of Anhui Province (No.KJ2011A138,
No.KJ2012B116).
1
2 RULONG XIE AND LISHENG SHU
However, as pointed out by Hyto¨nen in [12], the measure satisfying (1.1)
do not include the doubling measure as special cases. For this reason, a kind
of metric measure spaces (X, d, µ) satisfying geometrically doubling and the
upper doubling measure condition (see Definition 1.1 and 1.2) is introduced
by Hyto¨nen in [12], which is called non-homogeneous metric measure spaces.
The advantage of this kind of spaces is that it includes both the homogeneous
spaces and metric spaces with polynomial growth measures as special cases.
From then on, some results paralled to homogeneous spaces and non-doubling
measure spaces are obtained (see [1,3,11-17] and the references therein). For
example, Hyto¨nen et al. in [14] and Bui and Duong in [1] independently in-
troduced the atomic Hardy space H1(µ) and obtained that the dual space of
H1(µ) is RBMO(µ). Hyto¨nen and Martikainen [13] established the Tb theo-
rem in this surroundings. In [1], Bui and Duong also obtained that Caldero´n-
Zygmund operator and commutators of Caldero´n-Zygmund operators with
RBMO(µ) function are bounded in Lp(µ) for 1 < p < ∞. Later, Lin and
Yang [16] introduced the space RBLO(µ) and proved the maximal Caldero´n-
Zygmund operators is bounded from L∞(µ) into RBLO(µ). Recently, some
equivalent characterizations are established by Liu, Yang Da. and Yang Do.
in [17] for the boundedness of Carderon-Zygmund operators on Lp(µ) for
1 < p < ∞. The boundedness and weak type endpoint estimate of multilin-
ear commutators of Caldero´n-Zygmund operators on non-homogeneous metric
spaces is established by Fu, Yang and Yuan in [3]. And weighted estimate for
multilinear Caldero´n-Zygmund operators on non-homogeneous metric spaces
is also obtained by Hu, Meng and Yang in [11].
The purpose of this paper is to establish the theory of fractional integral op-
erators on non-homogeneous metric measure spaces. At first, fractional inte-
gral operators on non-homogeneous metric measure spaces is introduced. This
kind of fractional integral operators contains the classical fractional integral
operator, fractional integral with non-doubling measures and fractional inte-
gral with fractional kernel of order α and regularity ǫ introduced by Garc´ıa-
Cuerva and Gatto in [4] as special cases. The (Lp(µ), Lq(µ))-boundedness for
fractional integral operators on non-homogeneous metric measure spaces is
obtained. From this result, the boundedness of commutators and multilinear
commutators generated by fractional integral operators with RBMO(µ) func-
tion are also established. The results in this paper include the corresponding
results on both the homogeneous spaces and non-doubling measure spaces.
For the sake of the reader’s convenience, let us give some references about
previous results of fractional integral operators which are closely related to re-
sults in this paper. Classical fractional integral theory can be founded in [20].
In the circumstance of non-doubling measures, (Lp(µ), Lq(µ))-boundedness
for fractional integral operators is established in [4,5]. The boundedness of
commutators and multilinear commutators generated by fractional integral
operators with RBMO(µ) function were established in [2] and [8] respectively.
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In addition, it’s worth mentioning that the Besicovitch covering lemma is only
applicable to Rn, but is not applicable to non-homogeneous metric measure
spaces. Therefore, in the process of proving Lemma 2.2 in this paper, we will
adopt a covering lemma introduced in [7].
Before stating the main results, we firstly recall some notations and defini-
tions.
Definition 1.1.
[12] A metric spaces (X, d) is called geometrically doubling
if there exist some N0 ∈ N such that, for any ball B(x, r) ⊂ X , there exists
a finite ball covering {B(xi, r/2)}i of B(x, r) such that the cardinality of this
covering is at most N0.
Definition 1.2.
[12] A metric measure space (X, d, µ) is said to be upper
doubling if µ is a Borel measure on X and there exists a dominating function
λ : X × (0,+∞) → (0,+∞) and a constant Cλ > 0 such that for each
x ∈ X, r 7−→ (x, r) is non-decreasing, and for all x ∈ X, r > 0,
(1.2) µ(B(x, r)) ≤ λ(x, r) ≤ Cλλ(x, r/2)
Remark 1.1.(i) A space of homogeneous type is a special case of upper dou-
bling spaces, where one can take the dominating function λ(x, r) ≡ µ(B(x, r)).
On the other hand, a metric space (X, d, µ) satisfying the polynomial growth
condition (1.1) (in particular, (X, d, µ) ≡ (Rn, | · |, µ) with µ satisfying (1.1)
for some k ∈ (0, n])) is also an upper doubling measure space if we take
λ(x, r) ≡ Crk.
(ii) Let(X, d, µ) be an upper doubling space and λ be a dominating func-
tion onX×(0,+∞) as in Definition 1.2. In [15], it was showed that there exists
another dominating function λ˜ such that for all x, y ∈ X with d(x, y) ≤ r,
(1.3) λ˜(x, r) ≤ C˜λ˜(y, r).
Thus, in this paper, we always suppose that λ satisfies (1.3).
Definition 1.3. Let α, β ∈ (1,+∞). A ball B ⊂ X is called (α, β)-doubling
if µ(αB) ≤ βµ(B).
As stated in Lemma 2.3 of [1], there exist plenty of doubling balls with
small radii and with large radii. In the rest of the paper, unless α and β
are specified otherwise, by an (α, β) doubling ball we mean a (6, β0)-doubling
with a fixed number β0 > max{C3log26λ , 6n}, where n = log2N0 be viewed as
a geometric dimension of the spaces.
Definition 1.4. Let 0 ≤ β < n and NB,Q be the smallest integer satisfying
6NB,QrB ≥ rQ, then we set
(1.4) K
(β)
B,Q = 1 +
NB,Q∑
k=1
[
µ(6kB)
λ(xB , 6krB)
]1−β/n
.
When β = 0, then we denote K
(0)
B,Q by KB,Q, which is firstly defined in [22].
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Definition 1.5.
[1] Let ρ > 1 be some fixed constant. A function b ∈ L1loc(µ)
is said to belong to RBMO(µ) if there exists a constant C > 0 such that for
any ball B
(1.5)
1
µ(ρB)
∫
B
|b(x)−mB˜b|dµ(x) ≤ C,
and for any two doubling balls B ⊂ Q,
(1.6) |mB(b)−mQ(b)| ≤ CKB,Q.
B˜ is the smallest (α, β)-doubling ball of the form 6kB with k ∈ N⋃{0}, and
mB˜(b) is the mean value of b on B˜, namely,
mB˜(b) =
1
µ(B˜)
∫
B˜
b(x)dµ(x).
The minimal constant C appearing in (1.5) and (1.6) is defined to be the
RBMO(µ) norm of b and denoted by ||b||∗. The norm ||b||∗ is independent of
ρ > 1.
Next, let us introduce fracional integral operator on nonhomogeneous met-
ric measure spaces.
Definition 1.6. Let 0 < α < n and 0 < ǫ ≤ 1. A function Kα(·, ·) ∈
L1loc(X ×X\{(x, y) : x = y}) is said to be a fractional kernel of order α and
regularity ǫ if it satisfies the following two conditions:
(i)
(1.7) |Kα(x, y)| ≤ C[
λ(x, d(x, y))
]1−α/n
for all x 6= y.
(ii) There exists 0 < ǫ ≤ 1 such that
(1.8)
|Kα(x, y)−Kα(x′, y)|+ |Kα(y, x)−Kα(y, x′)| ≤ Cd(x, x
′)ǫ
d(x, y)ǫ
[
λ(x, d(x, y))
]1−α/n ,
proved that Cd(x, x′) ≤ d(x, y).
A operator Iα is called a fractional integral operator on non-homogeneous
metric measure spaces with the above fractional kernel Kα satisfying (1.7)
and (1.8) if, for f ∈ L∞ functions with compact support and x /∈ suppf ,
(1.9) Iαf(x) =
∫
X
Kα(x, y)f(y)dµ(y).
Remark 1.2. By taking λ(x, d(x, y)) = Cd(x, y)n, it is easy to see that Def-
inition 1.6 in this paper contains Definition 3.1 and Definition 4.1 introduced
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by Garc´ıa-Cuerva and Gatto in [4]. Obviously, it also contains the classical
fractional integral operator
Iαf(x) =
∫
Rd
f(y)
|x− y|n−α dµ(y)
as special case.
Definition 1.7. The commutators [b, Iα] generated by fractional integral
operator Iα with RBMO(µ) function b is defined by
(1.10) [b, Iα](f)(x) = b(x)Iα(f)(x)− Iα(bf)(x).
Definition 1.8. The multilinear commutators Iα,~b is formally defined by
(1.11) Iα,~bf(x) = [bk, [bk−1, · · ·, [b1, Iα]]]f(x)
where ~b = (b1, b2, · · ·, bk), and
[b1, Iα]f(x) = b1(x)Iαf(x)− Iα(b1f)(x).
For 1 ≤ i ≤ k, we denote by Cki the family of all finite subsets σ =
{σ(1), σ(2), · · ·, σ(i)} of {1, 2, · · ·, k} with i different elements. For any σ ∈
Cki , the complementary sequences σ
′ is given by σ′ = {1, 2, · · ·, k}\σ. Let
~b = (b1, b2, · · ·, bk) be a finite family of locally integrable functions. For all
1 ≤ i ≤ k and σ = {σ(1), · · ·, σ(i)} ∈ Cki , we set ~bσ = (bσ(1), · · ·, bσ(i)) and the
product bσ = bσ(1) · · · bσ(i). With this notation, we write
||~bσ||∗ = ||bσ(1)||∗ · · · ||bσ(i)||∗.
In particular, for i ∈ {1, · · ·, k} and σ = {σ(1), · · ·, σ(i)} ∈ Cki ,
[b(y)− b(z)]σ = [bσ(1)(y)− bσ(1)(z)] · · · [bσ(i)(y)− bσ(i)(z)],
and
[b(y)−mB˜(b)]σ = [bσ(1)(y)−mB˜(bσ(1))] · · · [bσ(i)(y)−mB˜(bσ(i))],
where B is any ball in X and y, z ∈ X . For the product of all the functions,
we simply write
||~b||∗ = ||b1||∗ · · · ||bk||∗.
With any σ ∈ Cki , we set
Iα, ~bσf(x) = [bσ(i), [bσ(i−1), · · ·, [bσ(1), Iα]]]f(x).
In particular, when σ = {1, · · ·, k}, we denote Iα, ~bσ simply by Iα,~b.
The main results of this paper are stated as follows.
Theorem 1.1. Let 0 < α < n, 1 < p < n/α and 1/q = 1/p − α/n. Iα
is defined by (1.9). Then there exists a constant C > 0 such that for all
f ∈ Lp(µ),
(1.12) ||Iαf ||Lq(µ) ≤ C||f ||Lp(µ).
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Theorem 1.2. Let 0 < α < n, 1 < p < n/α and 1/q = 1/p− α/n. Suppose
that b ∈ RBMO(µ) and [b, Iα] is defined by (1.10). Then there exists a
constant C > 0 such that for all f ∈ Lp(µ),
(1.13) ||[b, Iα](f)||Lq(µ) ≤ C||b||∗||f ||Lp(µ).
Theorem 1.3. Let 0 < α < n, 1 < p < n/α and 1/q = 1/p− α/n. Suppose
that bi ∈ RBMO(µ), i = 1, 2, · · · , k and Iα,~b is defined by (1.11). Then there
exists a constant C > 0 such that for all f ∈ Lp(µ),
(1.14) ||Iα,~b(f)||Lq(µ) ≤ C||~b||∗||f ||Lp(µ).
Throughout this paper, χE denotes the characteristic function of set E.
C always denotes a positive constant independent of the main parameters
involved, but it may be different from line to line. And p′ is the conjugate
index of p, namely,
1
p
+
1
p′
= 1.
2. Proof of Theorem 1.1
To prove Theorem 1.1, we need to give the following notations and lemmas.
Let 0 ≤ β < n and f ∈ L1loc(µ), the sharp maximal operator is defined by
M ♯,(β)f(x) = sup
B∋x
1
µ(6B)
∫
B
|f(y)−mB˜(f)|dµ(y)
+ sup
(B,Q)∈∆x
|mB(f)−mQ(f)|
K
(β)
B,Q
,
(2.1)
where ∆x := {(B,Q) : x ∈ B ⊂ Q and B,Q are two doubling balls} and the
non centered doubling maximal operator is denoted by
Nf(x) = sup
B∋x, B doubling
1
µ(B)
∫
B
|f(y)|dµ(y).
By the Lebesgue differentiation theorem, it is easy to see that for any f ∈
L1loc(µ) and almost every x ∈ X ,
(2.2) |f(x)| ≤ Nf(x).
Moreover, N is of weak type (1,1) and bounded on Lp(µ), 1 < p ≤ +∞.
From Theorem 4.2 in [1] or Lemma 4 in [2], it is easy to obtain that
Lemma 2.1. Let 0 ≤ β < n and f ∈ L1loc(µ) with
∫
X
f(x)dµ(x) = 0 if
||µ|| <∞. For 1 < p <∞, if inf(1, Nf) ∈ Lp(µ), then there exists a constant
C > 0 such that
(2.3) ||N(f)||Lp(µ) ≤ C||M ♯,(β)(f)||Lp(µ).
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Lemma 2.2. Let η ≥ 5, 0 ≤ β < n/p, r < p < n/β and 1/q = 1/p − β/n.
Then
(2.4) ||M (β)r,(η)f ||Lq(µ) ≤ C||f ||Lp(µ),
where the non-centered maximal operator M
(β)
r,(η) is defined by
(2.5) M
(β)
r,(η)f(x) = sup
B∋x
{
1
µ(ηB)1−βr/n
∫
B
|f(y)|rdµ(y)
}1/r
.
Remark 2.1. If β = 0, we denote M
(β)
r,(η) simply by Mr,(η). From [1], we
obtain that if η ≥ 5 and q > r, then
(2.6) ||Mr,(η)f ||Lq(µ) ≤ C||f ||Lq(µ).
Proof. (of Lemma 2.2) Let us firstly prove the following result.
(2.7) µ({x :M (β)r,(η)f(x) > λ}) ≤ (
C
λ
||f ||Lr(µ))nr/(n−βr).
Let Eλ = {x :M (β)r,(η)f(x) > λ}. By the definition ofM
(β)
r,(η), for any x ∈ Eλ,
there exists a ball Bx containing x such that
(2.8)
1
µ(ηBx)1−βr/n
∫
Bx
|f(x)|rdµ(x) ≥ λr .
Note that for η ≥ 5. By Theorem 1.2 in [7], we can pick a disjoint collection
{Bxi} with xi ∈ Eλ and Eλ ⊂
⋃
x∈Eλ
Bx ⊂
⋃
i 5Bxi ⊂
⋃
i ηBxi . Let q =
nr
n−βr
and r/q < 1, then
(2.9) µ(Eλ)
r/q ≤ µ(
⋃
i
5Bxi)
r/q ≤ µ(
⋃
i
ηBxi)
r/q ≤
∑
i
µ(ηBxi)
r/q.
Since r/q = 1− βr/n, then
(2.10)
∑
i
µ(ηBxi)
r/q ≤ 1
λr
∫
X
|f |r(
∑
i
χBxi )dµ.
Therefore,
(2.11) µ(Eλ) ≤ C
λq
||f ||qLr(µ).
If r < s < n/β, using the Ho¨lder’s inequality, we deduce
(2.12) M
(β)
r,(η)f(x) ≤M
(β)
s,(η)f(x).
By the preceding arguments, then we obtain
(2.13) µ(Eλ) ≤ µ({x :M (β)s,(η)f(x) > λ}) ≤ (
C
λ
||f ||Ls(µ))ns/(n−βs).
By the Marcinkiewicz interpolation theorem, the proof of Lemma 2.2 is com-
pleted. 
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With the similar method to proof of Lemma 3 in [2] or Lemma 2.1 in [22],
it is easy to obtain the following Lemma 2.3. Here we omit the details.
Lemma 2.3. For 0 ≤ β < n, we have the following properties:
(1) If B ⊂ Q ⊂ R are balls in X, then K(β)B,Q ≤ K(β)B,R, K(β)Q,R ≤ K(β)B,R and
K
(β)
B,R ≤ C(K(β)B,Q +K(β)Q,R)
(2) If B ⊂ Q have comparable sizes, then K(β)B,Q ≤ C.
(3) If N is a positive integer and the balls 6B, 62B, · · · , 6N−1B are non
doubling balls, then K
(β)
B,6NB ≤ C.
Lemma 2.4 and Lemma 2.5 can be obtained by analogue to Lemma 3.11
and Lemma 3.12 in [3] or Lemma 5 and Lemma 6 in [2] respectively. Here we
omit the details of proof.
Lemma 2.4. For 0 ≤ β < n, there exists a positive constant Pβ (big enough),
depending on β, n and Cλ, such that if B1 ⊂ B2 ⊂ · · · ⊂ Bm are concen-
tric balls with K
(β)
Bi,Bi+1
> Pβ for i = 1, 2, · · · ,m − 1, then there exists a
positive constant C, depending on β, n and Cλ, such that
∑m−1
i=1 K
(β)
Bi,Bi+1
≤
CK
(β)
B1,Bm
.
Lemma 2.5. For 0 ≤ β < n, there exists a positive constant P ′β (big enough),
depending on β, n and Cλ, such that if x ∈ X is some fixed point and {fB}B∋x
is a set of numbers such that |fB − fQ| ≤ Cx for all doubling balls B ⊂ Q
with x ∈ B such that K(β)B,Q ≤ P ′β, then there exists a positive constant C,
depending on β, n and Cλ, such that for all foubling balls B ⊂ Q with x ∈ B,
|fB − fQ| ≤ CK(β)B,QCx.
Proof. (of Theorem1.1) For all 1 < p < n/α, we firstly establish the following
sharp maximal function estimate
(2.14) M ♯,(α)(Iαf)(x) ≤ CM (α)r,(5)f(x).
Suppose (2.14) is valid for a moment. Choosing r such that 1 < r < p < n/α
and 1/q = 1/p− α/n. By Lemma 2.1 and Lemma 2.2, we have
||Iαf ||Lq(µ) ≤ ||N(Iαf)||Lq(µ) ≤ C||M ♯,(α)(Iαf)||Lq(µ)
≤C||M (α)r,(5)f ||Lq(µ) ≤ C||f ||Lp(µ).
(2.15)
As in the proof of Theorem 9.1 in [22], to obtain (2.14), by Lemma 2.4 and
Lemma 2.5, it suffices to show that
(2.16)
1
µ(6B)
∫
B
|Iαf(y)−mB(Iα(fχX\ 6
5
B))|dµ(y) ≤ CM (α)r,(5)f(x).
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holds for any x and ball B with x ∈ B, and
(2.17) |mB(Iα(fχX\ 6
5
B))−mQ(Iα(fχX\ 6
5
Q))| ≤ CK(α)B,QM (α)r,(5)f(x)
for all balls B ⊂ Q with x ∈ B, where B is an arbitrary ball and Q is a
doubling ball.
For any ball B, it is easy to see that
1
µ(6B)
∫
B
|Iαf(y)−mB(Iα(fχX\ 6
5
B))|dµ(y)
≤ 1
µ(6B)
∫
B
|Iα(fχ 6
5
B)(y)|dµ(y)
+
1
µ(6B)
∫
B
|Iα(fχX\ 6
5
B)(y)−mB(Iα(fχX\ 6
5
B))|dµ(y)
=:I1 + I2.
(2.18)
To estimate I1, by (i) in Definition 1.6, the properties of function λ and
the Ho¨lder’s inequality, we get
I1 ≤ C
µ(6B)
∫
B
∫
6
5
B
|f(z)|
λ(y, d(y, z))1−α/n
dµ(z)dµ(y)
≤ C
µ(6B)
∫
B
∫
6
5
B
|f(z)|
λ(y, rB)1−α/n
dµ(z)dµ(y)
≤ C
µ(6B)
∫
B
∫
6
5
B
|f(z)|
λ(y, r6B)1−α/n
dµ(z)dµ(y)
≤ C
µ(6B)
∫
B
∫
6
5
B
|f(z)|
µ(6B)1−α/n
dµ(z)dµ(y)
≤ C
µ(6B)
∫
B
[
1
µ(6B)1−
αr
n
∫
6
5
B
|f(z)|rdµ(z)
] 1
r
[
µ(65B)
µ(6B)
]1− 1
r
dµ(y)
≤ CM (α)r,(5)f(x).
(2.19)
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For y, y0 ∈ B, by (ii) in Definition 1.6 and the properties of function λ and
the Ho¨lder’s inequality, we obtain
|Iα(fχX\ 6
5
B)(y)− Iα(fχX\ 6
5
B)(y0)|
≤C
∫
X\ 6
5
B
d(y, y0)
ǫ
d(y, z)ǫλ(y, d(y, z))1−α/n
|f(z)|dµ(z)
≤C
∞∑
k=1
∫
6k 6
5
B\6k−1 6
5
B
6−kǫ
|f(z)|dµ(z)
λ(y, r5×6k 6
5
B)
1−α/n
≤C
∞∑
k=1
6−kǫ
[
1
µ(5× 6k 65B)1−
αr
n
∫
6k 6
5
B
|f(z)|rdµ(z)
] 1
r
[
µ(6k 65B)
µ(5× 6k 65B)
]1− 1
r
≤CM (α)r,(5)f(x).
(2.20)
Taking the mean over y0 ∈ B, then we have
(2.21) I2 ≤ CM (α)r,(5)f(x).
So (2.16) holds from (2.18) to (2.21).
Now we prove (2.17). Consider two balls B ⊂ Q with x ∈ B, where B is
an arbitrary ball and Q is a doubling ball. Let N = NB,Q + 1, then we have∣∣∣∣mB[Iα(fχX\ 65B)
]
−mQ
[
Iα(fχX\ 6
5
Q)
]∣∣∣∣
≤
∣∣∣∣mB[Iα(fχX\6NB)]−mQ[Iα(fχX\6NB)]∣∣∣∣
+
∣∣∣∣mB[Iα(fχ6NB\ 65B)
]∣∣∣∣+ ∣∣∣∣mQ[Iα(fχ6NB\ 65Q)
]∣∣∣∣
= : J1 + J2 + J3.
(2.22)
With the same method to estimate I2, we immediately get
(2.23) J1 ≤ CM (α)r,(5)f(x).
To estimate J2, for z ∈ B, it is easy to see that
(2.24) |Iα(fχ6NB\ 6
5
B)(z)| ≤ |Iα(fχ6NB\6B)(z)|+ |Iα(fχ6B\ 6
5
B)(z)|.
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By (i) in Definition 1.6 and the Ho¨lder’s inequality, we deduce
|Iα(fχ6NB\6B)(z)|
≤C
∫
6NB\6B
|f(y)|
λ(z, d(z, y))1−α/n
dµ(y)
≤C
N−1∑
k=1
∫
6k+1B\6kB
|f(y)|
λ(z, r6k+1B)
1−α
n
dµ(y)
≤C
N−1∑
k=1
[
µ(5× 6k+1B)
λ(z, r5×6k+1B)
]1−
α
n
1
µ(5× 6k+1B)1−αn
∫
6k+1B
|f(y)|dµ(y)
≤C
N−1∑
k=1
[
µ(5× 6k+1B)
λ(z, r5×6k+1B)
]1−
α
n
[
1
µ(5× 6k+1 65B)1−
αr
n
∫
6k+1 6
5
B
|f(y)|rdµ(y)
] 1
r
×
[
µ(6k+1 65B)
µ(5× 6k+1 65B)
]1− 1
r
≤CK(α)B,QM (α)r,(5)f(x).
(2.25)
Also, we obtain that
|Iα(fχ6B\ 6
5
B)(z)|
≤C
∫
6B\ 6
5
B
|f(y)|
λ(z, rB)1−α/n
dµ(y)
≤ C
µ(5× 6B)1−α/n
∫
6B
|f(y)|dµ(y)
≤C
[
1
µ(5 × 6B)1−αrn
∫
6B
|f(y)|rdµ(y)
] 1
r
[
µ(6B)
µ(5× 6B)
]1− 1
r
≤CM (α)r,(5)f(x).
(2.26)
Then
(2.27) |Iα(fχ6NB\ 6
5
B)(z)| ≤ CK(α)B,QM (α)r,(5)f(x).
Taking mean for z over B, we have
(2.28) J2 ≤ CK(α)B,QM (α)r,(5)f(x).
Similarly, we also obtain that
(2.29) J3 ≤ CK(α)B,QM (α)r,(5)f(x).
From (2.22) to (2.29), we yield (2.17) holds. Hence the proof of Theorem 1.1
is completed. 
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3. Proof of Theorem 1.2
Let us firstly give the equivalent definition of RBMO(µ), which is useful
in proving Theorem 1.2.
Definition 3.1.
[8] Let ρ > 1 be some fixed constant. A function b ∈ L1loc(µ)
is said to belong to RBMO(µ) if there exists a constant C > 0 such that for
any ball B, a number bB such that
(3.1)
1
µ(ρB)
∫
B
|b(x)− bB|dµ(x) ≤ C,
and for any two balls B ⊂ Q,
(3.2) |bB − bQ| ≤ CKB,Q.
The minimal constant C appearing in (3.1) and (3.2) is defined to be the
RBMO(µ) norm of f and denoted by ||b||∗. The norm ||b||∗ is independent
of ρ > 1.
Lemma 3.1.
[22]For any ball B, we have
(3.3) |bB − b6k 6
5
B| ≤ Ck||b||∗.
Proof. (of Theorem1.2) For all 1 < p < n/α, we firstly establish the following
sharp maximal function estimate
(3.4) M ♯,(α)([b, Iα]f)(x) ≤ C||b||∗[M (α)r,(5)f(x) +Mr,(6)(Iαf)(x) + Iα(|f |)(x)].
Suppose (3.4) holds for a moment. By Lemma 3.3 in [22], we can assume that
b ∈ L∞(µ). Choosing r such that 1 < r < p < n/α and 1/q = 1/p− α/n. By
Lemma 2.1, Lemma 2.2 and Theorem 1.1 in this paper, we obtain
||[b, Iα]f ||Lq(µ) ≤ ||N([b, Iα]f)||Lq(µ) ≤ C||M ♯,(α)([b, Iα]f)||Lq(µ)
≤ C{||M (α)r,(5)f ||Lq(µ) + ||Mr,(6)(Iαf)||Lq(µ) + ||Iα(|f |)||Lq(µ)}
≤ C{||f ||Lp(µ) + ||Iαf ||Lq(µ)} ≤ C||f ||Lp(µ).
(3.5)
Let {bB} be a collection of numbers satisfying for ball B,
(3.6)
∫
B
|b− bB|dµ ≤ 2µ(6B)||b||∗,
and for two balls B ⊂ Q,
(3.7) |bB − bQ| ≤ 2KB,Q||b||∗.
As in the proof of Theorem 1 in [2], to obtain (3.4), by Lemma 2.4 and
Lemma 2.5 in Section 2 of this paper, it suffices to deduce that
(3.8)
1
µ(6B)
∫
B
|[b, Iα](f)(y)− hB|dµ(y) ≤ C||b||∗(M (α)r,(5)f(x) +Mr,(6)(Iαf)(x)).
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holds for any x and ball B with x ∈ B, and
(3.9) |hB − hQ| ≤ C||b||∗KB,QK(α)B,Q(M (α)r,(5)f(x) + Iα(|f |)(x))
for all balls B ⊂ Q with x ∈ B, where B is an arbitrary ball, Q is a doubling
ball and for any ball B, we denote
hB := mB(Iα[(b− bB)fχX\ 6
5
B]).
To obtain (3.8), we write [b, Iα]f as follows.
[b, Iα]f(y) = (b(y)− bB)Iαf(y)− Iα((b − bB)f)(y)
=(b(y)− bB)Iαf(y)− Iα((b − bB)f1)(y)− Iα((b− bB)f2)(y),(3.10)
where f1 = fχ 6
5
B and f2 = f − f1. Now, by the Ho¨lder’s inequality, we have
1
µ(6B)
∫
B
|(b(y)− bB)Iαf(y)|dµ(y)
≤( 1
µ(6B)
∫
B
|b(y)− bB|r′dµ(y))1/r′( 1
µ(6B)
∫
B
|Iαf(y)|rdµ(y))1/r
≤C||b||∗Mr,(6)(Iαf)(x).
(3.11)
We take s =
√
r and let 1/t = 1/s − α/n. Using the Ho¨lder’s inequality,
the result of Theorem 1.1 and Definition 3.1, we obtain
1
µ(6B)
∫
B
|Iα((b − bB)f1)(y)|dµ(y)
≤µ(B)
1−1/t
µ(6B)
||Iα((b − bB)f1)||Lt(µ)
≤µ(B)
1−1/t
µ(6B)
||((b − bB)f1)||Ls(µ)
≤
(
1
µ(6B)
∫
6
5
B
|b − bB|ss′dµ(y)
) 1
ss′
×
(
1
µ(6B)1−αr/n
∫
6
5
B
|f(y)|rdµ(y)
) 1
r
≤C||b||∗M (α)r,(5)f(x).
(3.12)
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Next, to prove (3.8), we only need to compute |Iα((b − bB)f2)(y) − hB|.
For y, y0 ∈ B, by Lemma 3.1, we have
|Iα((b− bB)f2)(y)− Iα((b − bB)f2)(y0)|
≤C
∫
X\ 6
5
B
d(y, y0)
ǫ
d(y, z)ǫλ(y, d(y, z))1−
α
n
|b(z)− bB||f(z)|dµ(z)
≤C
∞∑
k=1
∫
6k 6
5
B\6k−1 6
5
B
6−kǫ
λ(y, r6k 6
5
B)
1−α
n
× (|b(z)− b6k 6
5
B|+ |bB − b6k 6
5
B|)|f(z)|dµ(z)
≤C
∞∑
k=1
6−kǫ
1
µ(5 × 6k 65B)1−
α
n
∫
6k 6
5
B
|b(z)− b6k 6
5
B||f(z)|dµ(z)
+ C
∞∑
k=1
k6−kǫ||b||∗ 1
µ(5× 6k 65B)1−
α
n
∫
6k 6
5
B
|f(z)|dµ(z)
≤C
∞∑
k=1
6−kǫ
[
1
µ(5× 6k 65B)1−
αr
n
∫
6k 6
5
B
|f(z)|rdµ(z)
]1/r
×
[
1
µ(5× 6k 65B)
∫
6k 6
5
B
|b(z)− b6k 6
5
B|r
′
dµ(z)
]1/r′
+ C
∞∑
k=1
k6−kǫ||b||∗
[
1
µ(5 × 6k 65B)1−
αr
n
∫
6k 6
5
B
|f(z)|rdµ(z)
] 1
r
×
[
µ(6k 65B)
µ(5× 6k 65B)
] 1
r′
≤C||b||∗M (α)r,(5)f(x).
(3.13)
Taking the mean over y0 ∈ B, we obtain
(3.14) |Iα((b − bB)f2)(y)− hB| ≤ C||b||∗M (α)r,(5)f(x).
So (3.8) is proved.
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To prove (3.9), we consider two balls B ⊂ Q with x ∈ B, where B is an
arbitrary ball, Q is a doubling ball. Denote N = NB,Q + 1, we write
|mB(Iα((b− bB)fχX\ 6
5
B))−mQ(Iα((b− bQ)fχX\ 6
5
Q))|
≤|mB(Iα((b− bB)fχ6B\ 6
5
B))|
+ |mB(Iα((bB − bQ)fχX\6B))|
+ |mB(Iα((b− bQ)fχ6NB\6B))|
+ |mB(Iα((b− bQ)fχX\6NB))−mQ(Iα((b − bQ)fχX\6NB))|
+ |mQ(Iα((b − bQ)fχ6NB\ 6
5
Q))|
=:L1 + L2 + L3 + L4 + L5.
(3.15)
For y ∈ B, by the Ho¨lder’s inequality, we get
|Iα((b − bB)fχ6B\ 6
5
B)(y)|
≤C
∫
6B
|b(z)− bB||f(z)|
λ(y, d(y, z))1−α/n
dµ(z)
≤C
[
1
µ(5 × 6B)1−αrn
∫
6B
|f(z)|rdµ(z)
] 1
r
×
[
1
µ(5× 6B)
∫
6B
|b(z)− bB|r
′
dµ(z)
] 1
r′
≤C||b||∗M (α)r,(5)f(x).
(3.16)
Then we get L1 ≤ C||b||∗M (α)r,(5)f(x).
For x, y ∈ B, it is easy to see that
(3.17) |Iα(fχX\6B)(y)| ≤ Iα(|f |)(x) + CM (α)r,(5)f(x).
Then, by Definition 3.1, we get
(3.18) L2 ≤ CKB,Q||b||∗(Iα(|f |)(x) +M (α)r,(5)f(x)).
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Let us estimate L3. For y ∈ B, we have
|Iα((b − bQ)fχ6NB\6B)(y)|
≤C
N−1∑
k=1
∫
6k+1B\6kB
|b(z)− bQ||f(z)|
λ(y, d(y, z))1−α/n
dµ(z)
≤C
N−1∑
k=1
[
µ(5 × 6k+1B)
λ(y, r5×6k+1B)
]1−α/n
× 1
µ(5× 6k+1B)1−α/n
∫
6k+1B
|b(z)− bQ||f(z)|dµ(z)
≤CK(α)B,Q
[
1
µ(5× 6k+1B)1−αrn
∫
6k+1B
|f(z)|rdµ(z)
] 1
r
×
[
1
µ(5 × 6k+1B)
∫
6k+1B
|b(z)− bQ|r
′
dµ(z)
] 1
r′
≤CK(α)B,QMαr,(5)f(x)
[
1
µ(5× 6k+1B)
∫
6k+1B
|b(z)− b6k+1B
+ b6k+1B − bQ|r
′
dµ(z)
] 1
r′
≤CKB,QK(α)B,Q||b||∗M (α)r,(5)f(x).
(3.19)
Here we have used the fact that |b6k+1B − bQ| ≤ CKB,Q||b||∗.
Taking the mean over B, we have
L3 ≤ CKB,QK(α)B,Q||b||∗M (α)r,(5)f(x).
For L4. Operating as in (3.13), for any y ∈ B and z ∈ Q, we obtain
|T ((b− bQ)fχX\6NB)(y)− T ((b− bQ)fχX\6NB)(z)| ≤ C||b||∗M (α)r,(5)f(x).
Taking the mean over B for y and over Q for z, we have
L4 ≤ C||b||∗M (α)r,(5)f(x).
For L5, similar to L1, we can deduce L5 ≤ C||b||∗M (α)r,(5)f(x). Thus (3.9) is
valid and the proof of Theorem 1.2 is finished . 
4. Proof of Theorem 1.3
To prove Theorem 1.3, we need the following some lemmas.
Lemma 4.1.
[8,22]Let 1 ≤ p < ∞ and 1 < ρ < ∞. If b ∈ RBMO(µ), then
for any ball B ∈ X,
(4.1)
{
1
µ(ρB)
∫
B
|b(x)−mB˜(b)|pdµ(x)
}1/p
≤ C||b||∗.
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Lemma 4.2.
[9]For any ball B, we have
(4.2) |m
6˜j 6
5
B
(b)−mB˜(b)| ≤ Cj||b||∗.
Proof. (of Theorem 1.3) We prove the theorem by induction on k. If k = 1,
the result of Theorem 1.2 asserts that [b, Iα] is bounded from L
p(µ) to Lq(µ)
for any 1 < p < n/α, 0 < α < n and 1/q = 1/p − α/n. Now we assume
that k ≥ 2 is an integer and that for any 1 ≤ i ≤ k − 1 and any subset
σ = {σ(1), · · ·, σ(i)} of {1, · · ·, k}, Iα,~bσ is bounded from Lp(µ) to Lq(µ) for
any for any 1 < p < n/α, 0 < α < n and 1/q = 1/p − α/n. We next claim
that for any 1 < r < ∞, Iα,~b satisfies the following sharp maximal function
estimate
M ♯,(α)(Iα,~bf)(x) ≤ C||~b||∗{Mr,(6)(Iαf)(x) +M (α)r,(5)f(x)}
+ C
k−1∑
i=1
∑
σ∈Cki
||~bσ||∗Mr,(6)(Iα,~bσ′ f)(x).
(4.3)
Suppose (4.3) holds for a moment. Now we prove T~b satisfies (1.14). By
Lemma 3.3 in [22], we can assume that bi ∈ L∞(µ) for 1 ≤ i ≤ k. Choosing r
such that 1 < r < p < n/α and 1/q = 1/p− α/n. By Lemma 2.1, Lemma2.2,
Theorem 1.1 and Theorem 1.2 in this paper, we deduce
||Iα,~bf ||Lq(µ) ≤ C||N(Iα,~bf)||Lq(µ) ≤ C||M ♯,(α)(Iα,~bf)||Lq(µ)
≤C||~b||∗{||Mr,(6)(Iαf)||Lq(µ) + ||M (α)r,(5)f ||Lq(µ)}
+ C
k−1∑
i=1
∑
σ∈Cki
||~bσ||∗||Mr,(6)(Iα,~bσ′ f)||Lq(µ)
≤C||~b||∗(||Iαf ||Lq(µ) + ||f ||Lp(µ)) + C
k−1∑
i=1
∑
σ∈Cki
||~bσ||∗||Iα,~bσ′ f ||Lq(µ)
≤C||~b||∗||f ||Lp(µ)
(4.4)
As in the proof of Theorem 2 in [9], to obtain (4.3), by Lemma 2.4 and
Lemma 2.5 in this paper, it only need to show that
1
µ(6B)
∫
B
|Iα,~bf(y)− hB|dµ(y)
≤C||~b||∗{Mr,(6)(Iαf)(x) +M (α)r,(5)f(x)} + C
k−1∑
i=1
∑
σ∈Cki
||~bσ||∗Mr,(6)(Iα,~bσ′ f)(x)
(4.5)
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hold for all x and B with x ∈ B, and
|hB − hQ| ≤ C(KB,Q)kK(α)B,Q||~b||∗{Mr,(6)(Iαf)(x) +M (α)r,(5)f(x)}
+ C(KB,Q)
k
k−1∑
i=1
∑
σ∈Cki
||~bσ||∗Mr,(6)(Iα,~bσ′ f)(x)
(4.6)
holds for any cube B ⊂ Q with x ∈ B, where B is an arbitrary cube and Q is
a doubling cube. We denote
hB = mB
(
Iα
[(
b1 −mB˜(b1)
) · · · (bk −mB˜(bk)) fχX\ 65B]) ,
and
hR = mR
(
Iα
[
(b1 −mR(b1)) · · · (bk −mR(bk)) fχX\ 6
5
R
])
.
Let us firstly estimate (4.5). It is easy to see that
(4.7)
k∏
i=1
[
bi(z)−mB˜(bi)
]
=
k∑
i=0
∑
σ∈Cki
[b(z)− b(y)]σ′ [b(y)−mB˜(b)]σ
for y, z ∈ X , where if i = 0, then σ′ = {1, 2···k}, σ = ∅ and [b(y)−mB˜(b)]∅ = 1.
Hence
Iα,~bf(y) = Iα
(
k∏
i=1
[
bi −mB˜(bi)
]
f
)
(y)−
k∑
i=1
∑
σ∈Cki
[
b(y)−mB˜(b)
]
σ
Iα,~bσ′
f(y),
and if i = k, we denote Iαf(y) by Iα,~bσ′
f(y). Thus,
1
µ(6B)
∫
B
|Iα,~bf(y)− hB|dµ(y)
≤ 1
µ(6B)
∫
B
∣∣∣∣∣Iα
(
k∏
i=1
[
bi −mB˜(bi)
]
fχ 6
5
B
)
(y)
∣∣∣∣∣ dµ(y)
+
k∑
i=1
∑
σ∈Cki
1
µ(6B)
∫
B
∣∣[b(y)−mB˜(b)]σ∣∣ ∣∣∣Iα,~bσ′ f(y)∣∣∣ dµ(y)
+
1
µ(6B)
∫
B
∣∣∣∣∣Iα
(
k∏
i=1
[
bi −mB˜(bi)
]
fχX\ 6
5
B
)
(y)− hB
∣∣∣∣∣ dµ(y)
=:II1 + II2 + II3.
(4.8)
Write
bi(y)−mQ˜(bi) = bi(y)−m 4˜
3
Q
(bi) +m 4˜
3
Q
(bi)−mQ˜(bi)
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for i = 1, · · ·, k. By Lemma 4.1, we obtain
(4.9)
∫
B
k∏
i=1
|bi(y)−mB˜(bi)|ss
′
dµ(y) ≤ C||~b||ss′∗ µ(6B).
Take s =
√
r and let 1/t = 1/s−α/n. By Theorem 1.1, the Ho¨lder’s inequality
and (4.9), we deduce
II1 ≤ µ(B)
1−1/t
µ(6B)
∣∣∣∣∣
∣∣∣∣∣Iα
(
k∏
i=1
[bi −mB˜(bi)] fχ 65B
)∣∣∣∣∣
∣∣∣∣∣
Lt(µ)
≤ Cµ(B)
1−1/t
µ(6B)
∣∣∣∣∣
∣∣∣∣∣
k∏
i=1
[bi −mB˜(bi)] fχ 65B
∣∣∣∣∣
∣∣∣∣∣
Ls(µ)
≤ C
(
1
µ(6B)
∫
6
5
B
k∏
i=1
|bi(y)−mB˜(bi)|ss
′
dµ(y)
) 1
ss′
×
(
1
µ(6B)1−
αr
n
∫
6
5
B
|f(y)|rdµ(y)
) 1
r
≤ C||~b||∗M (α)r,(5)f(x).
(4.10)
From the Ho¨lder’s inequality and Lemma 4.1, it follows that
II2 ≤
k∑
i=1
∑
σ∈Cki
(
1
µ(6B)
∫
B
∣∣[b(y)−mB˜(b)]σ∣∣r′ dµ(y)) 1r′
×
(
1
µ(6B)
∫
B
|Iα,~bσ′ f(y)|
rdµ(y)
) 1
r
≤ C
k∑
i=1
∑
σ∈Cki
||~bσ||∗Mr,(6)(Iα,~bσ′ f)(x)
= C
k−1∑
i=1
∑
σ∈Cki
||~bσ||∗Mr,(6)(Iα,~bσ′ f)(x) + C||b||∗Mr,(6)(Iαf)(x).
(4.11)
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Let us estimate II3. For y, y0 ∈ B, by the condition (ii) in Definition 1.6
and the Ho¨lder’s inequality, we have∣∣∣∣Iα
(
k∏
i=1
[bi −mB˜(bi)] fχX\ 65B
)
(y)
− Iα
(
k∏
i=1
[bi −mB˜(bi)] fχX\ 65B
)
(y0)
∣∣∣∣
≤C
∫
X\ 6
5
B
d(y, y0)
ǫ
d(y, z)ǫλ(y, d(y, z))1−
α
n
k∏
i=1
∣∣bi(z)−mB˜(bi)∣∣ |f(z)|dµ(z)
≤C
∞∑
j=1
∫
6k 6
5
B
6−jǫ
1
λ(y, r6j 6
5
B)
1−α
n
k∏
i=1
(∣∣∣∣bi(z)−m6˜j 6
5
B
(bi)
∣∣∣∣
+
∣∣∣∣m6˜j 6
5
B
(bi)−mB˜(bi)
∣∣∣∣)|f(z)|dµ(z)
≤C
∞∑
j=1
k∑
i=0
∑
σ∈Cki
6−jǫjk−i||~bσ′ ||∗
× 1
µ(5× 6j 65B)1−α/n
∫
6j 6
5
B
∣∣∣∣[b(z)−m6˜j 6
5
B
(bi)
]
σ
∣∣∣∣ |f(z)|dµ(z)
≤C
k∑
i=0
∑
σ∈Cki
∞∑
j=1
6−jǫjk−i||~bσ||∗||~bσ′ ||∗M (α)r,(5)f(x)
≤C||~b||∗M (α)r,(5)f(x).
(4.12)
From the above estimate and the definition of hB, we have∣∣∣∣∣Iα
(
k∏
i=1
[bi −mB˜(bi)] fχX\ 65B
)
(y)− hB
∣∣∣∣∣
=
∣∣∣∣Iα
(
k∏
i=1
[
bi −mQ˜(bi)
]
fχX\ 6
5
B
)
(y)
−mB
[
Iα
(
k∏
i=1
[
bi −mQ˜(bi)
]
fχX\ 6
5
B
)]∣∣∣∣
≤C||~b||∗M (α)r,(5)f(x).
(4.13)
Then
II3 ≤ C||~b||∗M (α)r,(5)f(x).
The estimate for II1, II2 and II3 yields (4.5).
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Now we turn to the estimate for (4.6). For any balls B ⊂ Q with x ∈ B
and Q is a doubling ball, we denote NB,Q + 1 simply by N .
∣∣∣∣mB[Iα
(
k∏
i=1
[bi −mB˜(bi)] fχX\ 65B
)]
−mQ
[
Iα
(
k∏
i=1
[bi −mQ(bi)] fχX\ 6
5
Q
)]∣∣∣∣
≤
∣∣∣∣mQ
[
Iα
(
k∏
i=1
[bi −mB˜(bi)] fχX\6NB
)]
−mB
[
Iα
(
k∏
i=1
[bi −mB˜(bi)] fχX\6NB
)]∣∣∣∣
+
∣∣∣∣mQ
[
Iα
(
k∏
i=1
[bi −mQ(bi)] fχX\6NB
)]
−mQ
[
Iα
(
k∏
i=1
[bi −mB˜(bi)] fχX\6NB
)]∣∣∣∣
+
∣∣∣∣∣mB
[
Iα
(
k∏
i=1
[bi −mB˜(bi)] fχ6NB\ 65B
)]∣∣∣∣∣
+
∣∣∣∣∣mQ
[
Iα
(
k∏
i=1
[bi −mQ(bi)] fχ6NB\ 6
5
Q
)]∣∣∣∣∣
=:JJ1 + JJ2 + JJ3 + JJ4.
(4.14)
With the similar estimate for II3, we easily get that
JJ1 ≤ C||~b||∗M (α)r,(5)f(x).
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To estimate JJ2, with the help of (4.7), we deduce that∣∣∣∣Iα
(
k∏
i=1
[bi −mQ(bi)] fχX\6NB
)
(y)
− Iα
(
k∏
i=1
[
bi −mB˜(bi)
]
fχX\6NB
)
(y)
∣∣∣∣
=
∣∣∣∣Iα
(
k∏
i=1
[bi −mQ(bi)] fχX\6NB
)
(y)
−
k∑
i=0
∑
σ∈Cki
[mQ(b)−mB˜(b)]σ′ Iα
(
[b−mQ(b)]σfχX\6NB
)
(y)
∣∣∣∣
≤C
k−1∑
i=0
∑
σ∈Cki
(KB,Q)
k−i||~bσ′ ||∗
∣∣Iα ([b−mQ(b)]σfχX\6NB) (y)∣∣
≤C
k−1∑
i=0
∑
σ∈Cki
(KB,Q)
k−i||~bσ′ ||∗
{
Iα ([b−mQ(b)]σf) (y)
+ Iα ([b−mQ(b)]σfχ6NB) (y)
}
≤C
k−1∑
i=0
∑
σ∈Cki
(KB,Q)
k−i||~bσ′ ||∗
{ i∑
j=0
∑
η∈Cij
|[b(y)−mQ(b)]η′ |Iα,~bηf(y)|
+
∣∣∣∣Iα ([b −mQ(b)]σfχ6NB\ 65Q) (y)
∣∣∣∣
+
∣∣∣∣Iα ([b −mQ(b)]σfχ 65Q) (y)
∣∣∣∣}.
(4.15)
Using the Ho¨lder’s inequality and the fact that Q is a doubling ball, it follows
that
1
µ(Q)
∫
Q
|[b(y)−mQ(b)]η′ ||Iα,~bηf(y)|dµ(y)
≤Cµ(6Q)
µ(Q)
[
1
µ(6Q)
∫
Q
|[b(y)−mQ(b)]η′ |r′dµ(y)
]1/r′
×
[
1
µ(6Q)
∫
Q
|Iα,~bηf(y)|rdµ(y)
]1/r
≤C||~bη′ ||∗Mr,(6)(Iα,~bηf)(x).
(4.16)
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By the Ho¨lder’s inequality, Lemma 4.1 and the condition (i) in Definition 1.6,
it is easy to see that for y ∈ Q,
∣∣∣Iα ([b−mQ(b)]σfχ6NB\ 6
5
Q
)
(y)
∣∣∣
≤C
∫
6NB\ 6
5
Q
1
λ(y, d(y, z))1−α/n
|[b(z)−mQ(b)]σ||f(z)|dµ(z)
≤C 1
µ(5× 6NB)1−α/n
∫
6NB
|[b(z)−mQ(b)]σ||f(z)|dµ(z)
≤C
[
1
µ(5× 6NB)
∫
6NB
|[b(z)−mQ(b)]σ|r′dµ(z)
] 1
r′
×
[
1
µ(5× 6NB)1−αrn
∫
6NB
|f(z)|rdµ(z)
] 1
r
≤C||~bσ||∗M (α)r,(5)f(x).
(4.17)
Taking the mean over y ∈ Q, it easily obtains that
(4.18) mQ
[∣∣∣Iα ([b −mQ(b)]σfχ6NB\ 6
5
Q
)∣∣∣] ≤ C||~bσ||∗M (α)r,(5)f(x).
With the similar method to estimate II1, we deduce
(4.19) mQ
[∣∣∣Iα ([b−mQ(b)]σfχ 6
5
Q
)∣∣∣] ≤ C||~bσ||∗M (α)r,(5)f(x).
Therefore,
JJ2 ≤C(KB,Q)k
[k−1∑
i=0
∑
σ∈Cki
||~bσ||∗Mr,(6)(Iα,~bσf)(x) + ||~b||∗M
(α)
r,(5)f(x)
]
=C(KB,Q)
k
[k−1∑
i=1
∑
σ∈Cki
||~bσ||∗Mr,(6)(Iα,~bσf)(x)
+ ||~b||∗
(
Mr,(6)(Iαf)(x) +M
(α)
r,(5)f(x)
)]
.
(4.20)
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Now we turn to estimate JJ3. By the Ho¨lder’s inequality, Lemma 4.1 and
Lemma 4.2, for y ∈ B, we get
∣∣∣∣∣Iα(
k∏
i=1
[bi −mB˜(bi)]fχ6NB\ 65B)(y)
∣∣∣∣∣
≤C
N−1∑
j=1
1
λ(y, r6jB)
1−α
n
∫
6j+1B
k∏
i=1
|bi(z)−mB˜(bi)||f(z)|dµ(z)
+
C
λ(y, rB)1−
α
n
∫
6B\ 6
5
B
k∏
i=1
|bi(z)−mB˜(bi)||f(z)|dµ(z)
≤C
N−1∑
j=1
[
µ(5× 6j+1B)
λ(y, r5×6j+1B)
]1−α
n
[
1
µ(5× 6j+1B)1−αrn
∫
6j+1B
|f(z)|rdµ(z)
]1/r
×
[
1
µ(5× 6j+1B)
∫
6j+1B
k∏
i=1
|bi(z)−m6˜j+1B(bi)
+m
6˜j+1B
(bi)−mB˜(bi)|r
′
dµ(z)
]1/r′
+ C
[
1
µ(5× 6B)
∫
6B
k∏
i=1
|bi(z)−mB˜(bi)|r
′
dµ(z)
]1/r′
×
[
1
µ(5× 6B)1−αrn
∫
6B
|f(z)|rdµ(z)
]1/r
≤CK(α)B,Q(KB,Q)k||~b||∗M (α)r,(5)f(x) + C||~b||∗M (α)r,(5)f(x)
≤CK(α)B,Q(KB,Q)k||~b||∗M (α)r,(5)f(x).
(4.21)
Taking the mean over y ∈ Q, we obtain
JJ3 ≤ CK(α)B,Q(KB,Q)k||~b||∗M (α)r,(5)f(x).
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Finally, we estimate JJ4. For y ∈ Q,∣∣∣∣Iα( k∏
i=1
[bi −mQ(bi)]fχ6NB\ 6
5
Q)(y)
∣∣∣∣
≤C
∫
6NB\ 6
5
Q
1
λ(y, d(y, z))1−
α
n
k∏
i=1
|bi(z)−mQ(bi)||f(z)|dµ(z)
≤C
[
1
µ(5 × 6NB)
∫
6NB
k∏
i=1
|bi(y)−mB(bi)|r
′
dµ(y)
]1/r′
×
[
1
µ(5× 6NB)1−αrn
∫
6NB
|f(y)|rdµ(y)
]1/r
≤C||~b||∗M (α)r,(5)f(x).
(4.22)
Taking the mean over y ∈ Q, it follows that
JJ4 ≤ C||~b||∗M (α)r,(5)f(x).
The estimate for JJ1, JJ2, JJ3 and JJ4 yields (4.6). Thus the proof of
Theorem 1.3 is completed. 
References
[1] T. Bui and X.Duong, Hardy Spaces, regularized BMO spaces and the bBoundedness of
Caldero´n-Zygmund operators on non-homogeneous spaces, J. Geom. Anal. 23 (2013),
895-932.
[2] W. Chen and E. Sawyer, A note on commutators of fractional integrals with RBMO(µ)
functions, Illinois Journal of Mathematics. 46 (2002), 1287-1298.
[3] X. Fu, D. Yang and W. Yuan, Boundedness of multilinear commutators of Caldero´n-
Zygmund operators on orlicz spaces over non-homogeneous spaces, Taiwanese Journal
of Mathmatics. 16 (2012), 2203-2238.
[4] J. Garc´ıa-Cuerva and A. Gatto, Boundedness properties of fractional integral operators
associated to non-doubling measures, Studia Math. 162 (2004), 245-261.
[5] J. Garc´ıa-Cuerva and J. Mar´ıa-Martell, Two-weight norm inequalities for maximal op-
erators and fractional integrals on non-homogeneous spaces, Indiana University Math-
ematics Journal. 50 (2001), 1241-1280.
[6] J. Garc´ıa-Cuerva and J. Mar´ıa-Martell, Weighted inequalities and vector-valued
Caldero´n-Zygmund operators on non-homogeneous spaces, Publ. Mat. 44 (2000), 613-
640.
[7] J. Heinonen, Lectures on analysis on Metric spaces, Universitext, Springer, New York,
2001.
[8] G. Hu, Y. Meng and D. Yang, Multilinear commutators of fractional integrals in non-
homogeneous spaces, Publ. Mat. 48 (2004), 335-367.
[9] G. Hu, Y. Meng and D. Yang, Multilinear commutators of singular integrals with non
doubling measures, Integral Equations Operator Theory. 51 (2005), 235-255.
[10] G. Hu, Y. Meng and D. Yang, New atomic characterization of H1 space with nondou-
bling measures and its applications, Math Proc Cambridge Philos. Soc. 138 (2005),
151-171.
26 RULONG XIE AND LISHENG SHU
[11] G. Hu, Y. Meng and D. Yang, Weighted norm inequalities for multilinear Caldero´n-
Zygmund operators on non-homogeneous metric measure spaces, Forum Math. 2012.
doi: 10. 1515/forum-2011-0042.
[12] T. Hyto¨nen, A framework for non-homogeneous analysis on metric spaces, and the
RBMO space of Tolsa, Publ Mat. 54 (2010), 485-504.
[13] T. Hyto¨nen and H. Martikainen, Non-homogeneous Tb theorem and random dyadic
cubes on metric measure spaces, J. Geom. Anal. 22 (2012), 1071-1107.
[14] T. Hyto¨nen, S. Liu , Da. Yang and Do. Yang, Boundedness of Caldero´n-Zygmund oper-
ators on non-homogeneous metric measure spaces, Canad J Math. DOI 10.4153/CJM-
2011-065-2 (arXiv: 1011.2937).
[15] T. Hyto¨nen, Da. Yang and Do. Yang, The Hardy space H1 on non-homogeneous metric
spaces, Mathematical Proceedings of the Cambridge Philosophical Society. 153 (2012),
9-31.
[16] H. Lin and D. Yang, Spaces of type BLO on non-homogeneous metric measure spaces,
Front Math China. 6 (2011), 271-292.
[17] S. Liu , Da. Yang and Do. Yang, Boundedness of Caldero´n-Zygmund operators on
non-homogeneous metric measure spaces: equivalent characterizations, J. Math. Anal.
Appl. 386 (2012), 258-272.
[18] F. Nazarov, S. Treil and A. Volberg, The Tb-theorem on non-homogeneous spaces,
Acta Math. 190 (2003), 151-239.
[19] F. Nazarov, S. Treil and A. Volberg, Weak type estimates and Caldero´n-Zygmund
operators on nonhomogeneous spaces, Internat. Math. Res. Notices 1998, no. 9, 463-
487.
[20] E. Stein, Harmonic analysis, Real-Variable methods, orthogonality, and oscillatory
integrals, Princeton: Princeton Univ. Press, 1993.
[21] X. Tolsa, Painleve´’s problem and the semiadditivity of analytic capacity, Acta Math,
190 (2003), 105-149.
[22] X. Tolsa, BMO, H1 and Caldero´n-Zygmund operators for non-doubling measures,
Math. Ann. 319 (2001), 89-101.
[23] R. Xie and L. Shu, Θ-type Caldero´n-Zygmund operators with non-doubling measures,
Acta Math. Appl. Sinica, English Series, 29 (2013), 263-280.
[24] J. Xu, Boundedness of multilinear singular integrals for non-doubling measures, J.
Math. Anal. Appl. 327 (2007), 471-480.
Rulong Xie, 1. School of Mathematical Sciences, University of Science and
Technology of China, Hefei 230026, China 2. Department of Mathematics, Chaohu
University, Chaohu 238000, China
E-mail address: xierl@mail.ustc.edu.cn
Lisheng Shu, Department of Mathematics, Anhui Normal University, Wuhu
241000, China
E-mail address: shulsh@mail.ahnu.edu.cn
